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M if Ker (f) is a small submodule of F.
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» { perfect rings } C { G-perfect rings }
» { Von Neumann regular rings } C { G-perfect rings }

» { G-perfect rings } is closed under finite products and




Definition (due to Auslander and Enochs)
Let C be a class of right R-modules, and let Mg be a right

R-module.
A module homomorphism f: C — M is a C-precover of M if it

satisfies that
(i) Cec;
(i) any diagram with C' € C

CI




Definition (due to Auslander and Enochs)
Let C be a class of right R-modules, and let Mg be a right

R-module.
A module homomorphism f: C — M is a C-precover of M if it

satisfies that
(i) Cec;
(i) any diagram with C' € C

CI




» Any flat precover is onto.




» Any flat precover is onto.

» Any module has a flat cover in the sense of Enochs.




» Any flat precover is onto.
» Any module has a flat cover in the sense of Enochs.

> In the case of perfect rings projective covers, flat covers and
G-flat covers coincide.




» Any flat precover is onto.
» Any module has a flat cover in the sense of Enochs.

> In the case of perfect rings projective covers, flat covers and
G-flat covers coincide.




¢ = {B € Mod-R|Exts(L, B) = 0 for any flat Lg} is called the
class of (Enochs) cotorsion modules.




¢ = {B € Mod-R|Exts(L, B) = 0 for any flat Lg} is called the
class of (Enochs) cotorsion modules.

> Kernel of any flat cover is a cotorsion module.




¢ = {B € Mod-R|Exts(L, B) = 0 for any flat Lg} is called the
class of (Enochs) cotorsion modules.

> Kernel of any flat cover is a cotorsion module.

» Any Mg fits into an exact sequence
0B LE&M
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Let R be a regular ring which is not a right V-ring. Then there
exist a right R-module M such that M G E = E(M).
» Case 1 Soc(E/M)=0.n:E—E/Mandi:E/M— E/M
are both G-flat covers of E/M. But E 2 E/M.
» Case 2 Soc(E/M) # 0. There is Kr C Eg such that K/M is
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Basic Definitions

A pair (X,)) of subclasses of Mod-R is said to be a torsion pair if
(i) Homg(X,Y) = {0} forany X € X and Y € ).

(i) If Xg is a right R-module such that Homg(X, Y) = {0} for
any Y € Y then X € X.

(iii) If Yg is a right R-module such that Homg(X, Y) = {0} for
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Let 0 — M -5 N -5 K — 0 be an exact sequence of right
R-modules and let L 5 K — 0 be an onto homomorphism. We
consider the pullback of f and g to obtain a commutative diagram
with exact rows and columns:

0
4
X =

= Kerg

+— %+ o

&




In (1),
> L'={(x,y) e N® L|f(x) = g(y)}.
» The maps m1: L’ — N and mp: L’ — L are restrictions of the
canonical projections m1: N® L — N and mp: N L — L,
respectively.




Lemma[A, Herbera-2016]

Let (X,Y) be a torsion pair in Mod-R such that the associated

torsion radical t is exact. Assume that in diagram (1), M € X and
K, Le).

» If X is small in L, then e3(X) is small in L.




Useful facts on TTF-triples

Let R and S be rings such that there is an exact sequence
0—-/—-R55->0

where ¢ is a ring morphism such that gS becomes a flat module.
Consider the following classes of modules

X = {X € Mod-R | XI = X}
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Corollary

Let R and S be rings such that there is an exact sequence
0—-/—=R3S5—=0

where ¢ is a ring morphism such that S becomes a flat R-module
on the right and on the left. Then:
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Proposition[A, Herbera-2016]
Let S C T be an extension of rings. Let

R={(x1,x2,...,%Xnyx,x,...)|[n € N,x; € T,x € S}.

Then, the following statements hold.
(i) The map ¢: R — S defined by ¢(x1, X2, ..., Xn, X, X,...) = X
is a ring homomorphism with kernel

1= T=EPer,
N

i€eN

where e; = (0,...,0,1(),0,0,...) for any i € N.




Remark

Let R be a ring as in the Proposition. Then there is a TTF-triple
(X,), Z) associated to the pure exact sequence

05/—=R3S5-0

where X = {X € Mod — R | X = ®jenXei},
Y ={Y € Mod—R | VI = {0}}




Proposition[A, Herbera-2016]

(i) J(R) contains J = @y J(T). Moreover, J is essential on
both sides into J(R). In particular, J(R) = 0 if and only if
J(T)=0.

(i) R is von Neumann regular if and only if S and T are von
Neumann regular.




Main Theorem [A, Herbera-2016]

Let S C T be an extension of rings. Assume T is von Neumann
regular and that S is right G-perfect. Then

R={(x1,%2,...,Xn, X, %,...)JnEN,x; € T,x € S}
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..Proof...

Let 0> X — L& N/NI — 0 be a G-flat cover of the right
S-module N/NI. Considering the pullback of h and f yields the
following diagram with exact rows and columns




...Proof...

» Since the radical associated to the torsion pair (X, )) is exact
and L € Y, m is a G-flat cover of N.
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Example 2 [A, Herbera-2016]

Let R be as in Example (1).

» Then, R C [[M,(F) = T’ which is a von Neumann regular
ring.




Open Questions

In general, it is difficult to compute Enochs flat covers. If
projective covers exist, then they coincide with Enochs flat covers.

So the question is:
Question 1: What is the relation, if any, between G-flat covers and

Enochs flat covers?




